Midterm Exam, Phys3355, Fall 2005, with solution 1

1 [2opts) Gravitation

A uniform solid sphere of mass M and a radius R is fixed a distance h from it’s center above a thin infinitely long
cylindrical mass with uniform mass density A (mass/length). h is greater than R. What is the force on the sphere from
the cylindrical mass? Using Gauss’s law is the easiest way to do this problem, but it is not required. Anyone doing this
the hard way may need

dz tx dx 1 Lz
/\/m:a%%cﬁw o [armmamee (L)
* | 1.0 solution | *

From symmetry the gravitational field from the infinitely long cylindrical mass will be radially inward from the cylindrical
mass. We apply Gauss’s law to the infinitely long cylindrical mass with a cylindrical Gaussian surface, with length [,
around the long cylindrical mass with the long cylindrical mass is it’s center. This gives

- 2
j[ﬁ dA = —47GMinsige = g 2mrl) = —-4nG(\) = g= —% (1.2)

The uniform solid sphere will act like a point mass of mass M at r = h. So the force on the on the sphere will be

2GM
h

A
Mg = (toward the long cylindrical mass) |. (1.3)

Now the hard way. From symmetry the net force on the sphere will be in perpendicular to the long cylindrical mass.
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2 [20pts] Stationary Integral

Find y(z) such that the following integral is stationary,

Z2
J =/ (y’2 —yQ) da, (2.1)
1
where 3y’ = g—g. You may need
du -1Y 2 2
————=cos  —+C, a°>u‘. 2.2
/\/a2—u2 |al (2.2)
* | 2.0 solution *
We define
=y =2 (2:3)
For J to be stationary
af d of d dy’ dy
- — L =0 = 2y——(2y)=0 = =—y" = =———
dy dxz oy’ YT W (29) 4 4 Y dy dzx
dy’ dy’
= y=—d—yy’ = ydy=—yLdy = /ydy=—/y'dy’
y dy
Lo L 2 2 2 2 2
= Qy=-gyta = y-a=-yr, (2.4)
where ¢? is a constant of integration that is greater than zero.
y'dx dy
Vet —y? Vet —y?
= xZCOS_lﬂ‘FCQ = ‘yzclcos(x—@)‘ or ‘yzclsin(x—@)‘. (2.5)
C1

3 [3opts] Tension in a Simple Pendulum

We have a simple pendulum with length [, bob mass m, and in a uniform gravitational field g. Use Lagrangian dynamics

with an undetermined multiplier, A, and Lagrangian L (r, 0,7, 9), where 6 is the angle from the vertical, and r is the

length of the pendulum, to find: (a) an equation of constraint, f, (b) the Lagrangian, (c) the equations of motion for ¢

and r, (d) A, and (e) the tension, T, in the pendulum. All may be a function of r, 7, 6

, 0, m, g, and .

* | 3.0 solution |

The constraint equation is

w[F=r1=7)

I 2 252 P RSN S
L=T U—2m(r —|—Tt9) mg (—lcosf) = (b)L(r,G,r,G)—2mr+

1 .
—mr?0% + mgrcosf |.

2




Midterm Exam, Phys3355, Fall 2005, with solution 3

For the 0 equation of motion we have

oL d oL of ) d 9 - e ) .
20 dtaé+ %—0 = mglsm@—a(mrﬁ)—l—()—o = mr- = —mgrsinf — 2mrrf. (3.3)

With the constraint equation » =1 and 7 = 0 so

mi?0 = —mglsind —0 = (c)|6 = —% sinf |. (3.4)

For the r equation of motion we have
oL d oL /\ﬂ B

or —ator o
With the constraint equation (c)|r = L], # = 0, and # = 0 so

0 = mr€)2+mgcos6—&(mi’)+/\[1}20 = mi=mr? + mgcosh+ \ (3.5)

0=mlf*+ mgcosf+ A = (d)|—\=mlb? +mgcosf (3.6)
The generalized force of constraint for r is )\% = )\ is a regular force in the r direction and since tension is in the —r
direction we have T'= —\. So with this and equation 3.6 we get

(e)|T = —\ =mlb? + mgcosb|. (3.7)

4 [30pts) Swinging Sticks and Bob

The two massless sticks are connected together at one end and they of free to pivot in a plane about that end. The
other end of one of the sticks has a bob of mass m fixed to it. The other end of the other stick is fixed at a point, which
it rotates about at a constant angular speed of w. The stick without the bob on an end has a length a and the stick with
the bob on the end has a length of b (a # b). All of the motion is in a plane. There is no gravity acting on the bob. Use
6 as the generalized coordinate variable, as shown in the figure above. (Pretty much what you see in the figure above.)

4.1 (15pts) Lagrangian
Find the Lagrangian, L(6, 9) for this system. Note that U = 0.

* | 4.1 solution | *

3L
L
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4

From the position, 7, of the bob we will get the kinetic energy of the bob. From the figure above (doing it the long

way this time)
7= |acos¢+bcos(d+0)] &+ [asing + bsin (¢ + 0)] 4

= 7= [—awsinqb—b(uJ-i-é) sin(qﬁ—i—@)} T+ [GWCOS¢+b(W+é) COS(¢+9)] Y

—

= (r)2 = {agwgsin2¢+b2(w+9)2sin2(¢+0)+2abw(w+9)sin¢sin(¢+9)

+ a*w? cos® ¢ + b? (w + 9)2 cos? (¢ + 0) + 2abw (w + 9) cos ¢ cos (¢ + 9)]
= a’w’® (sin® ¢ + cos® ¢) + b° (w + é) 2 [sin® (¢ + 6) + cos? (¢ + 6)]

+2abw (w + 9) [sin ¢ sin (¢ + ) + cos ¢ cos (¢ + )]

= a’w? + b? (w+9)2 + 2abw (w+9) cos @
So

L=T-U= %m (F)2 —-0= %ma?w2 + %mb2 (w+€‘)2 + mabw (w—i—é) cos 6

= |[L(6,6) = %mazw2 + %mb2 (w + 9)2 + mabw (w + 9) cosf |.

4.2 (10pts) ¢ Equation of Motion

Find the equation of motion for 6 (6 =7?).

* | 4.2 solution |

OL dOL

0 T = —mabw(w—l—é)sin@—i[mbz (w+9)+mabwcosﬁ =0

dt
= —mabw (w + 9) sinf — (mbzé — mabwb sin0) =0

Dividing by mab and rearranging gives

= Qé:—w(w—i—é)sinﬁ—&—wésinﬁ = f=——w?sinb|.
a
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4.3 (5pts) Equilibrium and Stability

Find the equilibrium 6 positions 6y. Determine if these positions are stable or not. For any stable positions, find the
angular frequency of oscillation about that equilibrium position.

* | 4.3 solution | *

G(0)=0 = sinfh=0 = [0 =0,7] (4.4)

Checking stability of 8y =0

dé a 5 . a o
= — 2% S 4.
0 Y sin 0 e (4.5)

0=0

so fg = 0 is stable and our system has an angular frequency of small oscillations about § = 0 of wy = /§ w? = \/% w.
Checking stability of 8y = =

ai
dé

= —%wQ sinm = %wQ , (4.6)

=7

so By = 7 is unstable. The equation of motion shows that it’s like a simple pendulum with ¢ — %uﬂ.

0o = 0 is stable with wy = /¥ w| and ‘ 6y = 7 is unstable |

{ }

In summary,




