
HW09: Calculus of Variations, Phys3355,Fall 2005, with solution 1

1 Stationary Integral

Find the differential equations that x(t) and y(t) must satisfy such that the following integral is stationary,

J =

∫ t2

t1

(

1

2
ẋ2 +

1

2
ẏ2

− k xy + xA cos ωt

)

dt, (1.1)

where ẋ ≡
dx

dt
, ẏ ≡

dy

dt
, and k, A, and ω are constants. Hints: Use Euler’s equations. You do not need to solve for x(t)

and y(t), just find the differential equations that x(t) and y(t) must satisfy.

? ?
1.0 solution

For J to be stationary Euler’s equations must be satisfied, so

∂f

∂x
−

d

dt

(

∂f

∂ẋ

)

= 0, and
∂f

∂y
−

d

dt

(

∂f

∂ẏ

)

= 0, (1.2)

where

f(x, ẋ, y, ẏ; x) =
1

2
ẋ2 +

1

2
ẏ2

− k xy + xA cos ωt. (1.3)

This gives

−ky + A cosωt −
dẋ

dt
= 0 and − kx −

dẏ

dt
= 0 ⇒ ẍ + ky = A cosωt and ÿ + kx = 0 , (1.4)

where ẍ ≡
d
2
x

dt2
and ÿ ≡

d
2
y

dt2
.
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