HW11: Lagrangian Dynamics, Phys3355,Fall 2005, with solution 1

1 Pendulum with Vertically Moving Pivot

A frictionless pendulum swings in the z-y plane. The x direction is down in the direction of the uniform gravitational
field g. The y direction is to the right. The pendulum bob has a mass of m. The pendulum has a length [. The position
of the pivot point of the pendulum is moving (up and down) along the z-direction with the pivot position given by x4 (t).

1.1 Lagrangian

Find the Lagrangian for this system L(6,0,t) where 0 is the angle that the pendulum makes with the (vertical) x axis
toward the y axis. Answer in terms of m, g, [, x4(t), #4(t), 6, and 6. You may consider x4(t) and #4(t) as given functions
of t,s0 L(6,0,t) = L(0,0,x4(t),<s(t))

* | 1.1 solution | *
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In order to find 7', the kinetic energy, we’ll first calculate v2, the speed squared for the bob, as a function of 8 and 6.
Using the figure above we get the position of the bob, 7, relative to the point P which is not moving.

F=(r+z)2+yg=(lcosh+as)&+Isinfy = 7= (—lésin()+j:s) &+ 10cosf i (1.1)
A2 , 2 . 2 . .
= = (F) = (—l@sinb‘—i—:bs) + (l@cos@) = —2lissinf + 22 + 126? sin? 0 + 176% cos? 0 (1.2)
= —2li,0sin 0 + @2 + 120% (sin® 0 + cos® ) = —2li,0sin 6 + 32 + 1262, (1.3)
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1.2 Equations of Motion

Using this Lagrangian find the equations of motion for ¢ (something like 6 =7). Answer in terms of m, g, I, z(t), @4(t),
Zs(t), 6, 6, and 6.

* | 1.2 solution | *
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= —mlisfcost — mglsinf — ml20 + mlissin @ + mlis0 cos = 0

= ml%) = —mglsin @ + mlissinf

= é:—%sinﬁ—&—xsT(t)sinG.




