HW14: Lagrangian Dynamics and Review, Phys3355, Fall 2005, with solution 1
1 Sliding Car

A car traveling down an incline with a 8% grade (raise/run) locks his brakes and skids 30 m before hitting a parked car.
The coefficient of kinetic friction between the tires and the road is pg = 0.45. Was the car exceeding the 25 MPH speed
limit? Explain.

* | 1.0 solution | *
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The above figure shows a free body diagram (FBD) of the car. We let m be the mass of the car. Applying Newton’s
2nd law gives

ZF-U = N —mgcosd =0 = N =mgcosf (1.1)
ZFQC = mgsinf — uN = ma, = ma, =mgsinf — ppymgcost = mg (sin — py, cos )
= az = g (sinf — uy cos ) (1.2)

The car has constant acceleration in the x direction. So

g, = Yo _duade dv,
oAt dedt dx 7

(1.3)

1
=  vdvg, = a,dx = 51}2 =a,T+c1, (1.4)

where c; is a constant. Given we set £ = 0 when v, = v, , the initial speed, we find that the speed of the car along the
x direction, v,, as a function of the change in position x can be written as

v? = U?“- + 2a; . (1.5)
By setting v,; =30 mi/hr, v, = 0, = tan' 0.08, then = should be the distance the car would travel if the car was going
-, ; _ 1 cn 0.08 ~ _ 1 ~
at the speed limit. With 6 = tan" 0.08, sinf = T 0.05)7 0.0797452, and cos @ T 009 0.996815
1}2 . 30 mi 528th 12in 0.0254m lhour )2
= T, ( hour mi ft in 36005) ~ 1728 m. (].6)

T 24, 2 (9.8%)[0.0797452 — (0.45)0.996815]

Therefore, | he was speeding. ‘ So if he was going at 25 MPH he would have only skidded 17.28 meters. If he skidded 30
meters and than hit a parked car he had to have been traveling initially at at a higher speed. From equation 1.5 with

vy = 0 and a,; < 0 we see that v, ; o VT, so v;“- = vn“/% =25 MPH,/% = 32.9 MPH. So he was traveling at 32.9
MPH or faster.

{ }

2 Grandfather Clock

A grandfather clock has a pendulum length of 0.7 m and a bob mass of 0.4 kg. A weight of mass 2 kg falls 0.8 m in seven
days to keep the amplitude (from equilibrium) of the pendulum oscillating steady at 0.03 rad. What is the quality factor,
Q, of this clock? Assume that all the energy is lost in the oscillating pendulum.
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* | 2.0 solution | *

The amplitude of the swing is small so we approximate the pendulum as having simple harmonic motion with angu-
lar frequency of wog = 4. The definition of Q is

_ YR
Q=35 (2.1)

wR:\/w8—62mw0:\/%, (2.2)

where g ~ 9.8 37 is the acceleration so to gravity at the surface of the earth, [ is the length of the pendulum, and we
have assumed that ( is small compared to wy. We’ll check that later. So assuming 3 is small compared to wy we wish to
calculate

_1 /g
Q—%\/;, (2.3)

We can get 3 from the rate at which energy is being added to the pendulum by the falling weight. We start with the
energy in the pendulum E being

and

1 . 1 . 1 1 . 1
E=T+U= 5mz2(92 +mgl (1 — cosh) = 5mz2(92 +mgl (1 —1+ 592) = 5mz202 + 5mgw% (2.4)

where we have used the small angle approximation for #. The rate at which the energy in the pendulum changes, which
is the power to the pendulum, is

dE .. (il 8
o =m0 + mgi6d = mi) (9+ la) . (2.5)

The equation of motion of the pendulum, that defines 3 in our case, is

é+%0+260':Acoswt = é+%0:—2ﬁ9+Acoswt (2.6)

where A is the amplitude of the driving force, w is the driving angular frequency, and ¢ is time. Given this we may rewrite
equation 2.5 as
dE
dt
The first term is the rate at which energy is being taken away due to friction (), and the second term is the power from
the driver, P,. The average power, over a period, into the pendulum does not change so we have

= mi?0 (—2&9 + Acos wt) = —2ml%B6% + mi*HAcoswt . (2.7)

dFE . .
(E) =0=—-2ml’80%,+ Pnae = 2ml*B02,= Py ave, (2.8)
where Py, ave is the average power from the driver. At steady state

6(t) = D cos (wt —9) , (2.9)

where D is the amplitude of the pendulum motion, w is the driving angular frequency, and § is the phase constant.
Therefore

. . . 1
0(t) =wDcos (wt —6) = 6%(t) =w?D?*cos® (wt —6) = 62, = §w2D2 (2.10)
So with equation 2.8 we have
1 Mgh 1 Mgh 1 Mgh Mh
2miB | zw’D? )| = Prave = —— = (= ~ = 2.11
mi*p <2“’ ! b= P T~ mPRED® T miDT (211)
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where we have used the given information about the driving weight in the clock, M is the mass of the falling weight, h is
the height that the weight falls in time T, and we assumed that w? ~ w3. We see that 5% ~ 0.0002/s? is much smaller
than w2 ~ 14/s2, and so our begining assumption in equation 2.2 was consistent. Putting it all together we get

L g 1/ Mh \' [§ mID? (0.4kg) (7 3600 24 5) (0.03)* /(9.8 =) (0.7m)
o~ g7 =5 (iper)

miD2T 7= oamm V= 2 (2kg) (0.8 m) = 178.2. (2.12)

So

[Q~178]. (2.13)

3 Gravitation

A uniform solid sphere of mass M and a radius R is fixed a distance h above a thin infinite sheet ofq mass density ps

(mass/area). h is greater than R. What is the force on the sheet from the sphere?

* | 3.0 solution | *
g

A

Applying the integral form of Gauss’s law to the infinite sheet of mass density ps; we get

]{gy- dA = —47Gp.A = (9) (24) = g=—21Gps,, (3.1)

where g is the magnitude of the gravitational field from the infinite sheet, and A is the surface area of the Gaussian that
is above and below the sheet. The force on the sheet from the sphere will be equal and opposite to the force on the sphere
from the sheet. The magnitude of that force is

Fy=Mg=|2mpsGM |. (3.2)

You'll get the same result by integrating the force from a small piece of the sheet dF over the infinite sheet. It’s more
work. You may consider that the sphere acts make a point particle mass.

{ }

4 A Particle in a Cone

A particle, with mass m, is constrained to move on the surface of a cone. The cone has it’s vertex pointing down in the
direction of gravity (g). The cone has a half-angle a.
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4.1 Lagrangian

Write the Lagrangian, L (r, o, 7, qb), in terms of spherical polar coordinates 7, and ¢, where the 6 coordinate is fixed at
value a on the surface of the cone.

* | 4.1 solution *

The motion is constrained so that § = o so 6 = 0.

L=T-U= %m [ff + 760 + r(sin 0)(;5(;5} . [ﬁ’ + r00 + r(sin 9)(]5(73] —mg(z) = %m [7'“2 + r2(sin? a)¢? | — mg (r cos a)

. 1 1 .
= |L (r, o, 7, (b) = §m7'“2 + §mr2(sin2 a)¢? —mgrcosal. (4.1)

4.2 Equations of Motion

Find the equations of motion for r and ¢. Interpret the ¢ equation in terms of the angular momentum along the z
direction, [,. Use [, to eliminate the ¢ from the r equation of motion.

* | 4.2 solution | *
g—f - %g—f =0 = mr(sin?a)¢? —mgcosa — T (mir)=0 = |i=r(sin®a)¢d® — gcosa (4.2)
L doL d . -
Z_¢ - &g_cf) = = 5 (mr2(sin2 )(b) =0 = |mr(sin®a)p=1| (4.3)
This gives
5 L. ? 12
i =r (sin® @) (mr2 - a) —gcosa = |I'= g JCosa (4.4)

4.3 Find an Equilibrium r Position

Find the equilibrium r position, rg. Determine if this equilibrium r position is stable or not. If this position is stable,
find the frequency of oscillation about this equilibrium position.

* | 4.3 solution | *

At equilibrium r = rg = 0 which gives

12 12
0= ﬁ—gCOSQ = ro = e + (45)
m2rg sin® « m2gsin® « cosa

If this equilibrium r position is stable then

dr

— 0. 4.6
dr|,_ < (4.6)

To
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We have
ﬁ__?) 12 N df _ 3 12 __3p m2g4sin? o cost a (47)
dr m2r4 sin® o dr|,_, 9 12 ER 12
0 m?(——s——) sin”a
m<gsin® &« cCos &

So it is stable and the angular frequency of oscillation, wy, is given by

aF 5 5
—wi = d_: = wo:\/gi/w ) (4.8)

T0

5 Non-unique Lagrangian

Show that the if a Lagrangian L (q1,...,qs,G1..-,qs,t) is related to another Lagrangian L’ (q1,...,qs,q1...,4s,t) by L' =

L+ %, where F' = F (q1, ..., ¢s, t), then the two Lagrangians will give exactly the same equations of motion.

* | 5.0 solution | *

The equation of motion for ¢; from L’ is

/ /
oL _doL . i(L+dF> d@(L+dF>:O

dqi At dg; dq; dt ) dt dg; dt
L oL doL odF dodF_ 0L doL d (9, 0dF)_,
8qi dt 8q1 8qi dt dt 8(]Z dt N 8qi dt 8q1 dt 8qi 8(]Z dt N
oL d oL d| o 0 OF | oF oL doL d [oF OF
- 3%_53%—’—&{3%]?_3% <;3_%q1+§> =0 dg;  dt dg; E{aqﬁaqi]_o
oL d oL
“ og  dog (5.1)

which is the same as the equation of motion for L.

{ }




