HW17: Hamiltonian Dynamics, Phys3355, Fall 2005, with solution 1

1 Shrinking Pendulum

A simple plane pendulum consists of a mass m attached to a massless string of length [. The suspension point of
the pendulum remains fixed as the length, [, is shortened at a constant rate a, as shown above. The pendulum has a
length [y at time ¢ = 0. In this problem we’ll find the equations of motion for the pendulum using the Lagrangian and
the Hamiltonian method.

1.1 Lagrangian

In terms of 6 6, m, a, Iy, and ¢, write an expression for the Lagrangian, L (0, 0, t), for this system.

* | 1.1 solution | *

1 5 1 . . 1 1 .
L=T-U-= 5ml2+§ml292 —mg(—lcosf) = |L (9,9,1&) = 5maQ + §m(l0 —at)? 6% + mg (I — at) cos 0| (1.1)

1.2 Lagrange’s Equations of Motion

Using your Lagrangian and Largrange’s equatons, find the differential equation of motion for 6.

* | 1.2 solution | *
oL dLOL . drL 2
T = —mg(lg—at)blnﬁ—a[m(lo—at) 9}—0
= —mg(lo —at)sind — 2m (I — at) (—a) § —m (lp — at)*§ = 0. (1.2)

Dividing by m (lp — at) and rearranging gives

= |(lo—at)§ =206 — gsinf (1.3)

1.3 Canonical Conjugate Momentum

— OL

Find the canonical momentum that is conjugate (paired) to 8. That is, find py = S5 asa function of 6 6, m, «, ly, and t.

* | 1.3 solution | *
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po=—=m(o—at)’0 = |pg=m(lo—at)’f (1.4)

1.4 Hamiltonian

In terms of 0, pg, m, a, lg, and ¢, write the Hamiltonian, H (0, py,t) for this system.

* | 1.4 solution | *

. s 1 1 .
H=npg— L= |m(ly— at)’ 9} 60— {ama2—|—§m(lo—ozt)2 62 + mg (ly — at) cosf

2
Dy 1 2
— Y —ma‘ —mag(l at) cos 1.5
2m(l0—at)2 2 9(lo ) (9)

1 . 1
= Em(lo — at)? 6% - §ma2 —mg(lp—at)cosd = |H=

1.5 Hamilton’s Equations of Motion

Find the Hamilton’s equations of motion for 6 and pg, and show that these equations of motion for 8 and py are equivalent
to the equations of motion from subsection 1.2.

* | 1.5 solution | *
, OH . ; ;
Po = ——5 = —mg (lp —at)sinf® = ‘pg = —mg (lp — at)sind ‘ (1.6)
L e VR T (1.7)
9o m(ly — at) m (lp — at)
. - N2y
o i Do . —2py - —mg (lo — at) Zln@ a2m (lo at)39
m (lp — at) m (lo — at) m (lo — at) m (lo — at)
= (lp—at)§=2a0 — gsinf, (1.8)

which is the same as equation 1.3 from subsection 1.2.

{ }

1.6 Energy vs Hamiltonian

In terms of m, «, Iy, and ¢, find the difference between the total energy, T'+ U, and the Hamiltonian for this system.

* | 1.6 solution | *
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p702 + —ma?

2m (lp — at)” 2

- =]

So E and H only differ by a constant.

t

E—H=

—mg (lop — at) cosd —

P}

2m (lo — at)?

1
— —mu

2

2

—mg (lo — at) cos 0




