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Here are some lecture notes on scaling physical models. This extends, just a little, material that is presented in the
text, so it uses, in as much as possible, the same parameter and variable symbols (notation) as in the text, but since this
extends the treatment in the text there are new unconventional symbols introduced. Don’t let them scare you. There is
no need to remember them. They are just dummies there to help present ideas. Think beyond the symbols.

Scaling the Driven Simple Harmonic Oscillator [1]

A sinusoidally driven damped simple harmonic oscillator can be modeled by the following ordinary differential equation
(ODE)

m
d2x

dt2
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+ kx = F0 cosωt, (0.1)

where m is mass, k is a linear spring constant, b is a linear damping constant, F0 is the force amplitude of the driving
force, and ω is the driving force angular frequency. So there are five physical parameters, but we know that we do not
need to study a five-dimensional parameter space in order to study this system. We know that we can divide this equation
by m, giving the following equation
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which we can rewrite as
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dt
+ ω2

0x = A cosωt, (0.3)

where ω2
0 ≡

k

m
, 2β ≡

b

m
, and A ≡

F0

m
are derived parameters. We have reduced a five-dimensional parameter space to a

four-dimensional parameter space, by introducing new derived parameters. A distinction between the system in equation
0.1 and that in the scaled equation 0.3 is that the scaled system in equation 0.3 cannot represent the unscaled system in
equation 0.1 when we have zero mass, m = 0, but otherwise the results gotten from equation 0.3 can be easily transformed
to our original “real” physical model in equation 0.1.

We continue the scaling process started here (and in your text [2]) by introducing the change of variables η = x

x0

, and

τ = t

t0
, where x0 and t0 are yet to be determined functions of the four remaining parameters. Note that, if x0 has units

of length and t0 has units of time, then η and τ will be dimensionless. We will find x0 and t0 such that there are only
two parameters left in this scaled differential equation for the new variable η in terms of derivatives with respect to the
new independent variable τ , like so

d2η
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dτ
+ ση = cos τ, (0.4)

and we’ll find the two remaining derived parameters ν and σ in terms of the five original physical parameters.
Eliminating x and t from equation 0.3 in favor of η and τ gives
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where we have used t = t0τ , x = x0η, d

dt
= 1
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d
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, and d
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dτ2 which comes from the definitions given for variables η

and τ . Comparing equation 0.4 with the right most equation in 0.5 we get

2βt0 = 2ν (0.6)
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ωt0 = 1. (0.9)
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Solving equations 0.8 through 0.9 gives
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ω
(0.11)
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. (0.13)

Writing this in terms of the original parameters gives the following length scale, x0, time scale, τ , and two dimensionless
parameters ν and σ as
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What’s the Big Deal?

We reduced the complexity of our model. This shows that only two parameters are needed to study the full range of
dynamics of this physical system (except for singular cases, like for example when mass is zero, m = 0). This kind of
analysis is indispensable when you are using computer simulations to study the full range of the dynamics of your system
as it varies with the physical parameters in your system. Using this analysis the number of parameters is reduced and
therefore, so is the amount of computation needed. Of course this analysis can be applied to many other types of models,
not just a driven damped simple harmonic oscillator.
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