Q13: Lagrangian Dynamics, Phys3355, Fall 2005, with solution 1

1 Atwood’s Machine using a Lagrange Multiplier

An Atwood’s machine machine is constructed with a fixed massless frictionless pulley, a stretch-less massless string, and
two weights with masses m; and ms, as shown in the figure below. Use z; and x2 as the positions of hanging weights as
shown. N S

T1

Find the acceleration of weight 1 (the weight with mass m1) &1, the acceleration of weight 2 (the weight with mass ms)
Z9, and T the tension in the string, by using Lagrange’s equations and a Lagrange multiplier .

* | 1.0 solution | *

The Lagrangian is

L=T-U=T1+T,—-U; —Us = %mlx% + %mgig —mag (—x1) — mag (—x2)

=  L(z1,22,41,22) = %mlx% + %mzxg + migr1 + magxs. (1.1)
The equation of constraint is

flri,me)=21+22—1=0 (1.2)

where [ is a constant. The set of equations of motion consist of this constraint equation, f (1, 22), and the two Lagrange
equations
oL d 0L of _ oL d 0L of _

0 and — ——==——+ A

oo won W T 00, 4t 93, Oy (1.3)

where A(t) is the Lagrange multiplier, and so the generalized forces of constraint are

0, = /\(t)aa—jl and Qs = /\(t)aa—gi. (1.4)
Q; will be the generalized constraint force, associated the equation of constraint, that is along the x; direction. Since the
generalized coordinates are Cartesian the generalized constraint force Q1 will be a regular force. So Q1 will be minus the
tension in the string. Qs will be the generalized constraint force, associated the equation of constraint, that is along the
9 direction. So Qs will be minus the tension in the string.
Plugging L and f into equations 1.3 gives

d
mig — &(mlxl)—&-)\[l] = miZy :mlg-l—/\ (15)
and

d . ..
Mag — e (mada) + A[1] = mads =mag+ A\ (1.6)
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Differentiating the equation of constraint (equation 1.2) with respect to time (¢) twice gives
1+ 2 = 0.

We have three equations, 1.5, 1.5, and 1.7, and three unknowns &1, Z2, and \. Solving gives
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¥ = ———g|, |f2=—-————g|, and |[A=—-————"
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The constraint force in the string is
0 2mima 2mima
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which is also the same as Qg, which is minus the tension in the string. So
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