
Q17: Hamiltonian Dynamics, Phys3355, Fall 2005, with solution 1

1 Simple Pendulum

A simple plane pendulum has a length l, bob mass m, and is in a uniform gravitational field, g. Use θ, the angle

the pendulum swings from equilibrium, as the generalized coordinate. Find (a) the Lagrangian L
(

θ, θ̇
)

, (b) pθ, the

momentum conjugate to θ, as a function of m, g, l, θ and θ̇, (c) the Hamiltonian H (θ, pθ), (d) Hamilton’s equation of
motion for pθ (ṗθ =?), and (e) Hamilton’s equation of motion for θ (θ̇ =?).

? ?
1.0 solution

L = T − U =
1

2
ml2θ̇2 + mgl cos θ ⇒ (a) L

(

θ, θ̇
)

=
1

2
ml2θ̇2 + mgl cos θ . (1.1)

pθ =
∂L

∂θ̇
= ml2θ̇ ⇒ (b) pθ = ml2θ̇ . (1.2)

H = pθθ̇ − L = ml2θ̇θ̇ −

(

1

2
ml2θ̇2 + mgl cos θ

)

(1.3)

We have from equation 1.2

θ̇ =
pθ

ml2
. (1.4)

So

H =
1

2
ml2

( pθ

ml2

)2

= −mgl cos θ ⇒ (c) H (θ, pθ) =
p2

θ

2ml2
− mgl cos θ . (1.5)

ṗθ = −
∂H

∂θ
= −mgl sin θ ⇒ (d) ṗθ = −mgl sin θ . (1.6)

θ̇ =
∂H

∂pθ

pθ

ml2
⇒ (e) θ̇ =

pθ

ml2
. (1.7)
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